Motivated by work in graph theory, we define the fixing number for a matroid. We give upper and lower bounds for fixing numbers for a general matroid in terms of the size and maximum orbit size (under the action of the matroid automorphism group). We prove the fixing numbers for the cycle matroid and bicircular matroid associated with 3-connected graphs are identical. Many of these results have interpretations through permutation groups, and we make this connection explicit.
Introduction
The fixing number is an invariant that is associated with breaking symmetry in combinatorial objects. The fixing number was introduced by Harary in 2006 [6] , and, separately, by Boutin the same year (as the determining number) [3] . This is the minimum number of vertices that need to be fixed so that no symmetries remain.
While this graph invariant is relatively recent, this concept has appeared before in the study of permutation groups. In particular, if a group G of permutations acts faithfully on a set Γ, then the base size of G is the smallest number of elements of Γ whose pointwise stabilizer is the identity. When Γ is the collection of vertices of a graph, this gives the fixing number of the graph. An interesting survey of recent (and not-so-recent) results on base size and some other related invariants can be found in Base size, metric dimension and other invariants of groups and graphs [2] , which traces the history of this subject to the 19th century.
Our interest is in matroids; specifically, we define the fixing number f ix(M ) for a matroid M . From the perspective of permutation groups, this amounts to finding the base size of the automorphism group, which always acts faithfully on the ground set of M . In fact, some of the results we present here have direct analogues in the permutation group literature.
A closely related invariant, the distinguishing number, can also be extended from graphs to matroids. The distinguishing number of a graph, which was first introduced by Albertson and Collins in 1996 [1] , is the minimum number of colors needed to color the vertices in order to destroy all non-trivial symmetries of the graph. Note that coloring each element of a minimum size fixing set in a matroid M with a different color, then coloring the rest of the elements of the matroid with a new color, we have the distinguishing number bounded above by f ix(M ) + 1. We believe the distinguishing number deserves a thorough treatment of its own, but we will not do that here, concentrating solely on the fixing number for the remainder of this paper.
The paper is organized as follows. In Section 2, we give some of the basic definitions and results we will need. In Section 3, we present some basic examples and bounds on the fixing number of a matroid. Section 4 is devoted to two matroids associated with a graph: the cycle matroid and the bicircular matroid. Our main result here is that the fixing numbers for these two matroids are the same when G is 3-connected (and large enough).
We believe matroid fixing numbers is a promising area for further research. For instance, it would be valuable to compute fixing numbers for other classes of matroids. It would also be of interest to improve the bounds given in Section 3.
We thank Robert Bailey for useful discussions.
Definitions
Throughout, we will let M be a matroid on the ground set E with circuits C. Matroids can be defined in a variety of equivalent ways; See [7] or [10] for a background on matroids.
Let C be the collection of circuits of a matroid M on the ground set E. A matroid automorphism φ : E → E is a bijection that preserves the circuits, that is, φ(C) ∈ C if and only if C ∈ C. Of course, a matroid automorphism also preserves the independent sets, bases, flats, rank, cocircuits, and all other matroid structure.
A set of elements S of a matroid is a fixing set if the only automorphism that fixes S pointwise is the identity. The fixing number of a matroid M is defined as the minimum size of a fixing set; f ix(M ) = min{r | M has an r-element fixing set}.
We can also give a group-theoretic definition of the fixing number. For a matroid M and a subset A ⊆ E, define the stabilizer of A, stab(A) to be the set of all automorphisms of M that fix each element of A. That is,
Then stab(A) = a∈A stab(a) is a subgroup of the automorphism group of M . Then
If a permutation group G acts faithfully on a set Γ, a subset A ⊆ Γ is a base if A is a fixing set. The base size of G is the minimum size of any base, that is, the smallest number of points in Γ whose pointwise stabilizer is the identity. Then if M is a matroid, we immediately see the base size of Aut(M ) acting on the ground set E is the fixing number f ix(M ), i.e., the fixing number f ix(M ) is the minimum size of any base. (The term base is a bit unfortunate here, since a basis for a matroid need not be related to a base as defined here.) See Bailey and Cameron [2] for details on this approach to the subject.
Let A be the family of subsets A of E with stab(A) trivial, that is, the collection of all fixing sets. Then E ∈ A, so the fixing number is well-defined. Note that the family A is an order filter in the boolean lattice of subsets of E. We do not explore the structure of this filter here, but concentrate only on the size of the smallest member of A. It would be interesting to determine the number of A ∈ A with stab(A) trivial.
Note that f ix(M ) = f ix(M * ) since a matroid and its dual have the same automorphism group. This (obvious) fact has an interesting consequence when we consider the cycle matroid of a planar graph in Section 4. It is also immediate that f ix(
The converse of this is discussed in Example 3.4.
Bounds
A matroid with trivial automorphism group obviously has fixing number 0. We give an example that has additional properties.
Example 3.1. Let M be the rank 3 matroid in Fig. 1 . Then Aut(M ) is trivial, so M has fixing number 0. M has the additional property that, for all points x and y, the deletions M −x and M −y are not isomorphic, and similarly for M/x and M/y. One would expect that this property (which we interpret as a strong version of lack of symmetry) to predominate in the sense that a random matroid should have this property with probability approaching 1. We remark that Example 3.1 has the following non-matroidal interpretation. Let P be a finite collection of points in the plane. For each point in P and for all k ≥ 2, record the number of k-point lines that point is on, and call this the address of the point. For instance, in Fig. 1 , the point h is on one 6-point line, one 4-point line, two 3-point lines, and three (trivial) 2-point lines. We abbreviate the address as 643 2 2 3 . Then the requirement that all the deletions and contractions are pairwise non-isomorphic ensures that each point has a unique address. The smallest known examples have 13 points [11] .
At the other extreme, the uniform matroid U r,n has symmetry group S n , so has fixing number n − 1, as large as possible. The automorphism group of the matroid obviously plays a central role here. We now give upper bounds on the size of the automorphism group of a matroid in terms of the maximum orbit size of a point, extending results of Boutin [3] , who obtains two different upper bounds on the size of the automorphism group of a graph. A lower bound on |Aut(M )| in terms of f ix(M ) appears in [2] . These results also generalize to matroids: Theorem 3.1. Suppose M is a matroid on a ground set of size n, with fixing number f ix(M ) = k and maximum orbit size s.
Proof. First note that if B is a fixing set with |B| = k, and two automorphisms φ and ψ agree on B, then φ = ψ. Thus, the number of distinct automorphisms is bounded above by the number of possible images of the set B. Parts 1 and 2 now follow.
For part 3, we follow [2] . Let B = {b 1 , b 2 , . . . , b k } be a fixing set of minimum size. Let
be the subgroup of Aut(M ) that fixes the first i elements of B,
Then the sequence of subgroups
is strictly decreasing at each step, i.e., G i+1 is a proper subgroup of
The lower bound on Aut(M ) now follows.
Part 1 of Theorem 3.1 is sharp for uniform matroids, and parts 2 and 3 are sharp for matroids with trivial automorphism group. In general, it would be interesting to study which classes of matroids satisfy these bounds with equality.
As an example where the bounds are not sharp, the Fano plane F 7 has automorphism group isomorphic to the simple group P SL(2, 7), with 168 = 7 × 6 × 4 elements. The reader can check f ix(F 7 ) = 3, so the bound in part 1 of Theorem 3.1 gives |Aut(
For part 2 of the theorem, note that this group is transitive on points (in fact, it is transitive on pairs), so there is only one orbit, with 7 points. Thus we get |Aut(F 7 )| ≤ 7 3 = 343. For F 7 , part 3 gives a (rather poor) lower bound of 2 3 = 8 for |Aut(F 7 )|. It is clear that modifying this the matroid M in Example 3.2 can produce matroids whose fixing numbers increase by arbitrary amounts under deletion and/or contraction of a single point. Note that the automorphism groups for the minors M − x or M/x may be much larger than Aut(M ).
Clones
There is a direct connection between the fixing number and clones in matroids. Let x, y ∈ E be elements of the ground set of a matroid M . If the map that interchanges x and y and fixes everything else is an automorphism of the matroid, we say x and y are clones. This induces an equivalence relations on E, partitioning E into clonal classes.
In finding a minimum size fixing set for a matroid, it is clear that we must fix (at least) all but one member of each clonal class. The next result is immediate.
Proposition 3.2. Let M be a matroid on a ground set of size n with m clonal classes. Then
This lower bound is exact for uniform matroids (where there is one clonal class) and matroids with trivial automorphism group (where each element is in its own class). It will also be useful for our treatment of transversal matroids.
It is straightforward to show that two elements are clones precisely when they are in the same cyclic flats of the matroid. This observation is useful for finding clones.
Example 3.3. We compute the fixing number of the Vámos cube V 8 (see Fig. 2 ). This matroid is not representable over any field, and is one of the minimal such examples. 
Transversal matroids
Transversal matroids are an important class of matroids; see [4] as a reference. We define them as follows: Let G be a bipartite graph with vertex bipartition V = X ∪ Y . The transversal matroid M G is defined on the ground set X. A subset I ⊆ X will be independent in M G precisely when it can be matched into Y in the bipartite graph. It is a standard exercise to prove that the sets that can be matched satisfy the independent set properties that characterize matroids. We will also assume |Y | = r(M ), the rank of the matroid (it is always possible to find a bipartite graph with this property to represent a transversal matroid). For x ∈ X, we let R(x) ⊆ Y be the elements of Y joined to x in G.
Alternatively, for y ∈ Y , let R −1 (y) ⊆ X be the elements of X joined to y in the bipartite graph G. Then the independent sets are the systems of distinct representatives (partial transversals) associated with the family of subsets {R −1 (y)} y∈Y . Different bipartite graphs may give the same matroid. A bipartite graph G is a maximal presentation for the transversal matroid M G if adding any edges to G changes the matroid.
Let M G be a transversal matroid of rank r. Then a maximal presentation can be used to find the clonal classes of M G . Proof. Suppose x 1 and x 2 are clones. Then replacing R(x 1 ) and R(x 2 ) by R(x 1 ) ∪ R(x 2 ) does not change the matroid (specifically, it does not change the cyclic flats that contain x 1 or x 2 ). Since the presentation is assumed to be maximal, we must have R(x 1 ) = R(x 2 ).
For the converse, it is clear that if R(x 1 ) = R(x 2 ), then there is a graph automorphism of G that swaps x 1 and x 2 , fixing everything else. This bipartite graph automorphism induces a matroid automorphism which also swaps these two elements, rising everything else.
Geometrically, one can use the bipartite graph G to construct an affine diagram for a transversal matroid. Details are given in [7] . In this context, the points in a clonal class are placed freely on the face of a simplex. This matroid is transversal, with X = {a, b, c, d, e, f } and Y = {1, 2, 3}, where R −1 (1) = R −1 (2) = {a, b, c, d, e, f }, and R −1 (3) = {d, e, f } is a maximal presentation. Then R(a) = R(b) = R(c) = {1, 2}, and R(d) = R(e) = R(f ) = {1, 2, 3}. This gives us two clone classes: {a, b, c} and {d, e, f }. Hence, f ix(P 6 ) ≥ 4. It is easy to check this is best possible, so f ix(P 6 ) = 4.
Note that, in this case, the clone classes determine the matroid automorphism group: Aut(P 6 ) ∼ = S 3 × S 3 , the direct product of two symmetric groups. Thus, it is possible for the automorphism group of a matroid to be a direct product when the matroid is not a direct sum. Applying Prop. 3.2 gives us a lower bound on the fixing number of a transversal matroid.
Corollary 3.4. Let M G be a transversal matroid with maximal presentation G. Let X = B 1 ∪ B 2 ∪ · · · ∪ B k be a partition of X with the property R(x 1 ) = R(x 2 ) iff x 1 and x 2 are in the same block B i of the partition. Then
Cor. 3.4 may give very poor lower bounds for fixing numbers of transversal matroids. Consider the bipartite incidence graph G n,k , where Y = [n] and X is the collection of all k-subsets of [n] . (When k = 2, this is the bicircular matroid associated with the complete graph K nsee Sec. 4 .) The transversal matroid M n,k is simply the collection of partial transversals of the family of k-subsets of n (which form a well-studied uniform hypergraph). Proof. If k = 1, then M n,1 = U n,n is a boolean algebra. If k = n, there is only one element in the matroid. If k = n − 1, then M n,n−1 is also a boolean algebra. When k = n − 2, it is straightforward to check every collection of n of the k-subsets has a transversal, so every subset of size n in M n,k is a basis. This gives M n,n−2 ∼ = U n,n(n−1)/2 . When 1 < k < n − 2, one can construct a collection of n of the k-subsets that do not have a transversal. Thus, there are collections of n elements of the matroid M n,k which do not form a basis in the matroid, so M n,k is not a uniform matroid. We omit the details.
When n − k > 2 (and k > 1), the transversal matroid M n,k has trivial clone classes, i.e., each class has only one element. Thus, the lower bound given in Cor. 3.4 is trivial. Determining the fixing numbers for these matroids is somewhat technical; see [5] and [9] for bounds, and Theorems 2.22 and 2.25 of [2] for a summary of what is known for these matroids (where they are considered via the action of S n on k-subsets of [n]).
We point out the similarity between Proposition 3.5 and Theorem 3.8 of [8] , which describes precisely which uniform matroids are bicircular. Bicircular matroids are transversal; they are considered here in Sec. 4.
When M is a simple binary matroid, we can bound f ix(M ) in terms of the rank. Proof. Let M be a simple binary matroid of rank r and let B be a basis of M . We claim B is a fixing set. For all e ∈ E − B, there is a unique circuit C such that e ∈ C ⊆ B ∪ e (this circuit is the fundamental (also called basic) circuit determined by B and e). Let φ be an automorphism of M that preserves B pointwise. Then φ preserves the elements of C − e pointwise and, since φ preserves circuits, it follows that φ(e) = e.
Combining this result with part 1 of Theorem 3.1 gives the following corollary.
Corollary 3.7. If M is a simple binary matroid of size n and rank r, then |Aut(M )| ≤ (n) r .
The Fano plane shows that the bounds in Theorem 3.6 are sharp. In fact, it is straightforward to show the projective geometry P G(r − 1, 2) has the fixing number r.
Cycle and bicircular matroids
Two matroids commonly defined on the edges of a graph are the cycle matroid and the bicircular matroid. While the fixing number of a graph is concerned with fixing the vertices of the graph, our goal with these two matroids is fixing edges. What is the connection between these two automorphism groups?
For a graph, G, the cycle matroid of G, denoted M (G), is defined on the edge set of the graph where the cycles of the graph are the circuits of this matroid. The bicircular matroid of G is the matroid B(G) defined on the same edge set whose circuits are the subgraphs which are the bicycles of G, i.e., subdivisions of one of the following graphs: two loops incident to the same vertex, two loops joined by an edge, or three edges joining the same pair of vertices. We note that bicircular matroids are transversal.
Figure 4: Bicycles of G
We approach the automorphism groups and fixing numbers via the cocircuits of each matroid. We assume G is a connected graph. For the cycle matroid M (G), a subset C * of edges is a cocircuit if it forms a minimal cutset of the graph. For the bicircular matroid B(G), a subset C * of the edges of G is a cocircuit if the spanning subgraph E − C * has exactly one tree component T and each edge in C * is incident with at least one vertex of T . In other words, C * is a minimal set of edges such that E − C * has exactly one tree component.
Example 4.1. To see that the cycle and bicircular matroids can have different fixing numbers, consider the theta graph G in Figure 5 . Here f ix(M (G)) = 4, but B(G) ∼ = U 6,7 , so f ix(B(G)) = 6. Note that the three automorphism groups are distinct: If G is a planar graph with (planar) dual G * , then M * (G) = M (G * ), i.e., the dual of the cycle matroid M (G) is the cycle matroid of the graphic dual G * . Since f ix(M ) = f ix(M * ), the next result is immediate.
Proposition 4.1. Let G be a planar graph, with dual graph
Thus, for instance, if I is the icosahedron and D the dodecahedron, we have f ix(M (I)) = f ix(M (D)). One can show both of these fixing numbers are 2. By Theorem 4.4 (1), the automorphism group of the cycle matroid for both of these Platonic solids is A 5 × Z 2 , so these highly symmetric matroids have large automorphism groups, but small fixing numbers.
We will need the following lemma, which is due to Matthews [8] .
Lemma 4.2 (Proposition 2.4 [8])
. Let G be a connected graph with more than one edge which is not a cycle. Then B(G) is a connected matroid if and only if G has no vertices of degree 1.
Our main theorem in this section is the following result relating the fixing numbers of the cycle matroid and bicircular matroid of a graph G. To prove Theorem 4.3, we will need to determine the automorphism groups of M (G) and B(G).
2. If G is 2-connected with minimum degree 3 and at least 5 vertices, then Aut(G) ∼ = Aut(B(G)).
Since Aut(M (G)) and Aut(B(G)) both act on the edge set of a graph, Theorem 4.3 is an immediate consequence of Theorem 4.4. Before proving Theorem 4.4, we need a lemma concerning wheels. We let W n be the wheel on n + 1 vertices (W 6 is shown in Fig. 6 ).
Proof. Label the edges of W n as in Figure 6 , where the rim edges are a 1 , a 2 , . . . , a n and the spokes are b 1 , b 2 , . . . , b n , with a i incident to b i . Note that the three edges incident to a rim vertex form a cocircuit; these n cocircuits of size 3 are the only cocircuits in B(W n ) of size 3 (and there are no smaller cocircuits). Note that every dihedral symmetry of the wheel induces an automorphism of the bicircular matroid B(W n ), so D n ≤ Aut(B(W n )). If φ ∈ Aut(B(W n )), then φ maps rim edges to rim edges (and, hence, spoke edges to spoke edges). This follows from the fact that each rim edge is in precisely two cocircuits of size 3 while each spoke edge is in one such cocircuit in the bicircular matroid B(W n ). Thus, the orbit of the edge a 1 is orb(a 1 ) = {a 1 , a 2 , . . . , a n } (see Figure 6 for edge labels).
Now let σ ∈ stab(a 1 ), the stabilizer of a 1 . Then either σ(a 2 ) = a 2 or σ(a 2 ) = a n , since a 2 and a n are the unique rim edges in a cocircuit of size three that contains a 1 . Suppose σ(a 2 ) = a 2 . Then we can use the cocrcuits of size 3 to show that {a 1 , a 2 } is a fixing set for B(W n ). Thus, σ is the identity. Now assume σ(a 2 ) = a n . Then σ(a n ) = a 2 by the same cocircuit argument given above. Letting R 1 denote the automorphism corresponding to the dihedral operation of reflection through a line normal to edge a 1 , the automorphism σR 1 fixes a 1 and a 2 , so, again, σR 1 = e, that is, σ = R 1 .
Then stab(a 1 ) = {e, R 1 }, and so |Aut(B(W n ))| = 2n by the orbit-stabilizer theorem. Since
We note that the proof of Lemma 4.5 shows that f ix(B(W n )) = 2 for n ≥ 4. We also remark that it is straightforward to show the graph automorphism group Aut(W n ) = D n . We now prove Theorem 4.4.
Proof Thm. 4.4. 1. We assume G is a 3-connected graph and note that every graph automorphism induces an automorphism of the cycle matroid M (G). We need to show that every matroid automorphism arises in this way. Let v be a vertex of G with incident edges N (v). Note N (v) is a cocircuit of the cycle matroid. Since G is 3-connected, the induced graph E − N (v) is 2-connected; hence E − N (v) is a connected hyperplane in M (G). Further, if C * is a cocircuit of M (G) that does not correspond to a vertex star N (v), then E − C * is disconnected (as a graph), and so is a disconnected hyperplane in M (G). Thus, the connected hyperplanes of the cycle matroid have the form E − N (v) for some vertex v.
Since matroid automorphisms preserve connected hyperplanes, we can reconstruct the vertices, and hence the graph G, from the cycle matroid. Thus, any matroid automorphism induces a unique graph automorphism, so Aut(G) ∼ = Aut(M (G)).
2. Suppose G is 2-connected with n vertices and minimum vertex degree at least 3. As above, let N (v) be the edges incident to the vertex v. Then there are two cases to consider. 
